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Let the incoming photon four-momentum be

kµ = (ω, k), |k| = ω,

and the outgoing photon
k′µ = (ω′, k′), |k′| = ω′.

Let the electron momenta be
pµ = (m, 0), p′µ = (E′, p′).

Define the scattering angle by

cos θ = k · k′

ωω′ .

(a)

The X-ray energy is much larger than the electron binding energy in the crystal, so the electron
behaves as a free particle during the scattering. Hence we may impose free-particle energy-momentum
conservation and on-shell conditions.

(b)

Energy-momentum conservation:
p + k = p′ + k′.

Imposing the on-shell condition p′2 = m2,

(p + k − k′)2 = m2.

Expanding,
p2 + k2 + k′2 + 2p · k − 2p · k′ − 2k · k′ = m2.

Using
p2 = m2, k2 = 0, k′2 = 0,

we get
p · k − p · k′ = k · k′.

mω = ω′(m + ω(1 − cos θ)
)
,

ω′(θ) = ω

1 + ω
m(1 − cos θ)
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Figure 1: Scattered photon frequency as a function of angle.

(c)

For θ ̸= 0,
ω′(θ) = ω

1 + ω
m(1 − cos θ) −→ 0 (m → 0).

While
ω′(0) = ω.

Thus the distribution collapses to forward scattering.

ω′(θ) →
{

ω, θ = 0
0, θ ̸= 0

(m → 0)

(d)

Classically, the electron re-radiates at the same frequency as the incident wave, so no frequency
shift is expected:

ω′ = ω.

Thus the spectrum would be
dI

dω′ ∝ δ(ω′ − ω).
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