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(a) Using

k2 − m2 = (k0)2 − k⃗ 2 − m2 = (k0)2 − ω2
k, ωk ≡

√
k⃗ 2 + m2,

δ(k2 − m2) = 1
2ωk

[
δ(k0 − ωk) + δ(k0 + ωk)

]
.

Multiplying by θ(k0) keeps only the positive-energy root:

δ(k2 − m2)θ(k0) = 1
2ωk

δ(k0 − ωk).

Therefore ∫ ∞

−∞
dk0 δ(k2 − m2)θ(k0) =

∫ ∞

−∞
dk0 1

2ωk
δ(k0 − ωk) = 1

2ωk
.

(b) Let kµ 7→ k′µ = Λµ
νkν be a Lorentz transformation. Then

d4k′ = |det Λ| d4k.

For proper Lorentz transformations, det Λ = ±1, so in particular

d4k′ = d4k.

Thus the four-dimensional integration measure d4k is Lorentz invariant.

(c) Consider ∫
d4k δ(k2 − m2)θ(k0).

From part (b), d4k is Lorentz invariant. Also, k2 = kµkµ is a Lorentz scalar, so

δ(k2 − m2)

is Lorentz invariant. Finally, for proper orthochronous Lorentz transformations, the sign of k0 is
preserved on the positive-energy mass shell, so θ(k0) is also invariant there(in fact the effect of the
delta function and the theta functions maps every differential element in a Lorentz invariant way).
Hence the whole measure

d4k δ(k2 − m2)θ(k0)

is Lorentz invariant.
Using part (a), we may perform the k0 integral:∫

d4k δ(k2 − m2)θ(k0) =
∫

d3k

∫ ∞

−∞
dk0 δ(k2 − m2)θ(k0) =

∫
d3k

1
2ωk

.
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