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Schwartz QFT Solutions
Chapter 3 – Problem 3.1

Consider an action of the form

S[ϕ] =
∫

d4x L
(
ϕ, ∂µϕ, ∂ν∂µϕ

)
.

Then
δS =

∫
d4x

[
∂L
∂ϕ

δϕ + ∂L
∂(∂µϕ)δ(∂µϕ) + ∂L

∂(∂ν∂µϕ)δ(∂ν∂µϕ)
]

.

Since variation commutes with differentiation,

δ(∂µϕ) = ∂µ(δϕ), δ(∂ν∂µϕ) = ∂ν∂µ(δϕ).

Therefore
δS =

∫
d4x

[
∂L
∂ϕ

δϕ + ∂L
∂(∂µϕ)∂µ(δϕ) + ∂L

∂(∂ν∂µϕ)∂ν∂µ(δϕ)
]

.

Integrating the first-derivative term by parts gives∫
d4x

∂L
∂(∂µϕ)∂µ(δϕ) = −

∫
d4x ∂µ

(
∂L

∂(∂µϕ)

)
δϕ,

where boundary terms vanish. For the second-derivative term, integrate by parts twice:∫
d4x

∂L
∂(∂ν∂µϕ)∂ν∂µ(δϕ) =

∫
d4x ∂µ∂ν

[
∂L

∂(∂ν∂µϕ)

]
δϕ,

again neglecting boundary terms.
Thus

δS =
∫

d4x

[
∂L
∂ϕ

− ∂µ

(
∂L

∂(∂µϕ)

)
+ ∂µ∂ν

(
∂L

∂(∂ν∂µϕ)

)]
δϕ.

Requiring stationarity, δS = 0, for arbitrary δϕ, gives

∂L
∂ϕ

− ∂µ

(
∂L

∂(∂µϕ)

)
+ ∂µ∂ν

(
∂L

∂(∂ν∂µϕ)

)
= 0 .

More generally, if the Lagrangian depends on arbitrarily high derivatives,

L = L
(
ϕ, ∂µ1ϕ, ∂µ1∂µ2ϕ, . . .

)
,

then the generalized Euler–Lagrange equation is

∞∑
n=0

(−1)n∂µ1 · · · ∂µn

[
∂L

∂(∂µ1 · · · ∂µnϕ)

]
= 0.
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